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ABSTRACT

The physics-informed neural network (PINN) has been proposed to overcome the limitations of various numerical methods used to
solve partial differential equations (PDEs) and the drawbacks of purely data-driven machine learning. The PINN directly applies PDEs
to the construction of the loss function, introducing physical constraints to machine learning training. This technique can also be
applied to wave equation modeling. However, to solve the wave equation using the PINN, second-order differentiations with respect
to input data must be performed during neural network training, and the resulting wavefields contain complex dynamical phenomena,
requiring careful strategies. This tutorial elucidates the fundamental concepts of the PINN and discusses considerations for wave
equation modeling using the PINN approach. These considerations include spatial coordinate normalization, the selection of activation
functions, and strategies for incorporating physics loss. Our experimental results demonstrated that normalizing the spatial coordinates
of the training data leads to a more accurate reflection of initial conditions in neural network training for wave equation modeling.
Furthermore, the characteristics of various functions were compared to select an appropriate activation function for wavefield prediction
using neural networks. These comparisons focused on their differentiation with respect to input data and their convergence properties.
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Finally, the results of two scenarios for incorporating physics loss into the loss function during neural network training were compared.
Through numerical experiments, a curriculum-based learning strategy, applying physics loss after the initial training steps, was more
effective than utilizing physics loss from the early training steps. In addition, the effectiveness of the PINN technique was confirmed
by comparing these results with those of training without any use of physics loss.
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Hu| -4 A (partial differentiation equation, PDE)2 || X
of g7} 5 7 ol B wido] E4AYU 1) ofu of
SriA EEskE, sleksty BAE fuEoz wmdy
(mathematical modeling)3t A o|th(Kreyszig et al., 2011). E2]
Al 2"le Aefishes Hu R AE Fofstal 2713t R A
I BAE F= A2 499 2HoA EFA @S olsfst
+ ol =%°] "t} #HujEgAY e Fohs W A
ARl HI XHQ FEo=E FEd 4= S} n|ZEst
= 285t F3fiAl= 43l (analytic solutiony= =3t g2
F= = YA tfF AHREA, vAdFA, BRI 7|5tk
TAES tFE d A7 ok AAE M H s Hegt
e 7T 5 gle A 2do| ©7] e, I digtes
S ZASHE=  4X]8f|(numerical solution)E Y=th
(Chapra, 2012). HuEH724]0] £2815 ol 7|H o2+
FSERHEH (finite difference method, FDM), -5-3FR2 A~H (finite
element method, FEM), 34|84 (boundary element method,
BEM) 5°| 3ot o|23t 7|HEs &3l sfAFes s +
T o gl EA0 dis 2ARe R J2E 5 lvks Aol
QAN FAEE 7T W= =2 AL 8t o] fUd ¢
AT BE 4 o] YT & ok 53] BAxRAL
22X AMEEE AR F(missing), 74(gappy), E= F=
(noise)o] ZARITHE, BAYZHE 7129 Yo Be] Ax
d ZAE sidst= Aol E7Hsdtth(Karniadakis e al,
2021), S af0] A AR OIFE BE WHo] UL,
SRSl d U BASS obd SR ¢ dolgirt
(Blechschmidt and Ernst, 2021).

A5AQ £AHEES titez A, 7|AgE5S o83}
Aol By 2 Fekua e ATSo| sas Yt
(Paganini et al., 2018; Rasp et al., 2018; Kasim et al., 2020;
Siahkoohi ef al., 2019). 7| Ajgk5-2 Qul o2 thake] zpa e
Aol TS TANA B8, " 14, 57 59 Mol
SSiE Zldolt. Ba, vlAE BHTSE 22U
(hidden layer)y& sh} o4} Z3JE 417 o]-&ste] EHs}
H BHZA ZA} A2 (universal approximation theorem)o]] ]3|
oEHOR ojug PhekE ARE 4 Q7] o] ol
2)9] 818 okt 21go] 7|45 H8o] 7RsahckHomik
et al., 1989; Garcia Ferrero, 2018). L&} &3t dlo|g 7]

Nh(data-driven) 7 AS1ES ALSE T 4Re] B4 B ¢
o A= 5T o vt A7 Ak (Moseley er al,
20200). £3], 427 YT HAY BYH 5L AT U
f AFYS 3l ==F vt EYdeE sk A
TS & 4= Slt. ofof wh ME Al mdF 7t 7]
Aol 7l BE Sl o) 224 WA At
& 2l Fste HTol Witk Zadol s
(Karniadakis et al., 2021).

=2 H3E 71AIsks 71l A8sh= 7idE oln| 1990
ol Alot=]gich(Psichogios and Ungar, 1992; Lagaris et al.,
1998; Lee and Kang, 1990). £3| Dissanayake and Phan-Thien
(1994)= 71Asks darelsoll AP A A (prior knowledge)yer
T HEE A AR EHORE AR, Y& ou]of
A Fz9] E8A R A7 Y (physics-informed neural network,
PINN)S. 2 7= 4= Qth(Cuomo et al., 2022). E3t, Lagaris
et al. (1998)= Tl Ae] 12 oifeisst sod AE 417
"h(artificial neural network, ANN)YS £3] F& 9] uj7/jHI+S
At S AAZ olE ES qAv daelE
(Rumelhart et al., 1985) AR UEY = = dist 2
o} wEge 8o ALk 4= A HHA I g0l
Lo 3 H th(Baydin ef al, 2018; Pytorch, 2018; Tensorflow,
2015). Mallat (2016), Arridge et al. (2019), Kondor and
Trivedi (2018) 59] ATEL 7|uL0.2 Raissi ef al. (2019)=
uli W Alo] Asis Beld AAEE Fi A2e FRe)
A7 PINNS A|QFs3ich

PINNE Pn|Rupgale A4we] £AT P40 23t
th(Karniadakis et al., 2021). 7]1&9] gloJg 7|5t A& Al
7IHE2 pil(labeh} AT &2 Alo]9] A5 A9
AT AR, PINNE o7]o]) wulaagale
o oAgE Tslel 2ol S WENIA) ST -
5 AR o] f Hu]Eg2Y) exgke ndy 99 W
o gJeje] ™ol A AAETHCuomo er al, 2022). T}ehH
PINNZ E9PASH A&7} Y= 7ol disl 9 =rt ¥, &
Sjsta elulrh EAshe a2 ST 4 Sk JAES 7]
Wolek & 4= 3tk

g, PINN 71399 dj#2Q]l ZAle 1 8 S0 ¢4
8] wpotE] x| grol Y= ol £HSHA] EetAL Witk 7
SAo] itk Aot Raissi ef al. (2019y= Ag% Hu|Eu}
0] EFe¥(well-posed)5ti 1 37 S8 1 PINNOZ %
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25 A} B2 o3 HUES UL ARHeRE B8
ok, eAol et o|gHl TAL RElth ol
Wang et al. (2022), Shin et al. (2020), Mishra and Molinaro
(2022) 5-& PINNe] Bl ale] sfo] SgeThe ol
B AASIReL, s o2 H e PINNG ofafsis
3] 27] WAoo, $AS) BAS PINNG| 72 BA)
SR Jolglth(Moseley ef al., 2021).

PINNE HulRubg4e] s #4oke A forward
ploblem)o} B2¥ Am2RE wY uRsE FoRe @R
Al (inverse problem)E =& thE 4= U}t Raissi ef al (2019)
7} PINNZ AQIgE o]F, o5 &gsto] 5] Al&gE A|ul
Sk Hu R4 Y AE2Al 2 AEAE sidsh] Hs B
A7} o] FolFTh 53] Al F3t EofollA= Unlo-AEa
2~ WA A (Navier-Stokes equtaion)S -3t AGL50] Wo] 4
3 =] ITh(Erichson et al., 2019; Raissi et al., 2020; Sun ef al.,
2020; Zhu et al., 2019; Cai et al., 2021). T3}t Sahli Costabal
et al. (20202 AHHA|E (atrial fibrillation)e Atkatr] €Jgt ut
T AuE Ast7] s PINNE AR5, Chen ef al.
(2020)2 wlA| FAdfroll A Hef Abgto] gt HEZAo] PINN
& 28315t} Haghighat er al. (2021)2 A G304 o] A
A 2 HEZA o PINNo| &84 &= 3= 7S SRl

e} AL Rofoll A whEo] Hupdd o Uehte =84
A= A7) 918 PINNE Z-85k= dA=0] 2=
Ut Al (traveltimeYs AAFSE| 18 AMESl= ofolzd W
ZJ Al (Eikonal equation)y2 PINNo|| Z-83}o], ufgAte] 25 F
AIE diEsial 25 FA BRI dibs 3T 5 S
o] ZlEAcH(Smith er al, 2020; Waheed er al., 2020;
Waheed et al., 2021). Moseley et al. (2020b)2 22} S3F 1}
57849 s 7 of PINNS &89 gt d75 3R
11, Song et al. (20212 o|¥rA] mjdoA 221 S3F w5
%4]9] 3|8 PINNO.2 cjZaic. PINNS SAlo} Hman
H 24 dSsh] 3 QA Eolof Bt dAqtele 2
8] o] §E 2 Qick. EH o2 J7F e Al 7|Hte s ot
&: 29 JAXu ef al., 2019), B4 53 X (elastic
wave equation)y ©]-83%t 1XY &£=¢) W= gXk(Karimpouli
and Tahmasebi, 2020), A=}d ZAH(full waveform inversion,
FWI) Z1} 74 (Rasht-Behesht er al., 2022), B4 ThsH-4 4]
2 o] &3t A8=HA(petroelastic) 4 3= (Junior et al.,
2019)0]] BIF AT Fo] I ool EZ A7 AT RofollA=
=5 ga} o] i WAl (local plane wave differential equation)
< PINNo|| A835}o] gtAdal a2 9] X Zk(interpolation)y 4=
35t A}t = AF7} o]Fo]X 3L th(Brandolin et al,
2022).

PINNE AMg3}e] 35 WS RUshe A% 24 B
BRAE A5 ALgah theba] A7k B3kl ohat 24 )
BE37iA| aejsjof 5] wjiol 13} Hul g Ale Ak

Al 2glo] Hlsl =Tt wobAA ok £3 A 2 =Y
2 JAFoIY @5 EFSAY oA, EHEA TY X4
= 7H 5= JleE® o3t EAE0] uhEdel WiEe] &
e A7t yekd 4= ok(Yilmaz, 2001). o] 9F #s}oq
PINNS ARERE w4 BdgS 3T off 2 7H4] 24
7H AT 4= QUok. AR E8o] mhE9] ofe] gk @4t
== 257 28 5 Aol itk EEEE(Moseley ef al.,
2020b), FLSHE F517] fI3t AAR] FEIAof Et =
S 3H(Alkhadhr and Almekkawy, 2023), 12} w]&o] v]sf| 5]
W A4 BlE o] 2 EAol sttt Moseley et al.
(2020b)Z ol ZAIES LEfste] PINNS E#5k= 53t
AEd EA A 7202 o7 ATF dAoA Y] aEt
25k (snapshotyr AR THARR ARGt & Thgst

A= &89t
o] sjd ==olMe EYRFEABEEY 712 S d9st
1, Moseley et al. (2020b)2] T ZHTFS 7|22 ko] 23
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SRk, olg sMe R sk FA YA Alkach

|2 1. PINN2| 7|2 7H'd

golo] v 2 usfshe WlAE HulEgAle] wbagl
FFC theal Zrh(Raissi ef al., 2019).

U+ Nu;A] =0 )]

o] A|2H”l9] ZA A F(latent solutiony= = FEHAET, o]
o HAY vl d4RE v It digt AR, e Al
7o) gt Ho) 8-S 2Ju]slt}. Raissi e al. (2019)2 PINN 7]
HE glo|g 7)¥F £F 4 (data-driven solution)¥} gjo]g] 7|t
A (data-driven discovery) EAo]] thst o2 FES}H]
Agakee), 4 ()4 AFTE B9 08 FoRe BAHE
A= Bole] 75 £24, 12 FHRs BA(GEA)E Hole
7k o] S, ol7lE AEAY BB 2
& i ol Fsio] Holel Fuk &4 BAlol] B
9 o2t

PINN o] 2¢] o= Hu|2H3g 49 35 S8t nlEd
s 71AsRE ] BolA AR V)R i g 4= ot
e Fokars} sk M AlSH 93] AR, nE dEos
stol I ARoA S (e g Sske AFE N2 4
(22 Zo] AT 4= Q1L o] AFLE 7HA] 05 dHlolE
She a0z At
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f(x,t) = N[(x,t); 0] )

PINN 79| E2olA] §J2 ol that vl AARS E3)
Hu 2 A B8she SAEARTS f2 F715H4, ©|
AL (DY FHoz AoF = Joh(f:=u+ N [u]). HEA
[=0& WSk die 22 Al2EY ApEAS bEthe
A ulstz| wiZel 4 (2)9] A7FE No| T2 o f71 0
o 7I7HYA = AFxAS EATSY Frlete HeR
PINNo| F@H . &, A% N S=- (M, 19); d)= 23
HAFF()l 283 AI(f(V(x, 1); O)7F 0ol 771 A=
Wako] 05 HUolE sk bl vrgEnia & 4= qlot. o]H%t
AofzA2 4 3 Zo] 71&Y] HlolE 7|6k &A%
MSE Q| MSE;E F7V5t] &SR AMSShe A 02 117
2 & Stk 7 &A% 47 dlolEld4(data loss)a} 2kt
&2 (residual loss)(Heldmann et al., 2023), MSE<=4l(mean-
square error loss)¥} PINN<=4(PINN loss)(Lim et al., 2022)
9 £ol2 FEEY o] =EolA= 234 g W4 =Y
& 433t Moseley ef al. (2020b)e] wa} A< (boundary
loss)1} E2]&4 (physics loss)2 ZF 32 HHsict

fr e

A G)ellM ofl HAF ust = 47 ALY ETEdE
ARk e Amde dAuistar, 9 HA}F i j= 4 A=
LANT, N, & Ny= ZF S| AltEe b ARHE A=
g Uehdtt. BAEA | sigshe A &2 BA =4
7 27] 270 G A (x,, 1,014 2] 2t 5 $X|0]
A AT £ Ale]9 AJolE ARt FHA 2 EEE

Ao s, YERAY &8o] & A2"HS dupt &
THESh=A]of gt FEolot E S 2EY 9 WA
o] & FEsho] AllelH, 11 HES SEA0IA ZIE
(collocation point)2}il HE2c}. F £4 ko] B oy} o
27] g &, 715X k5 £45F (loss balancing)2. 2 A 235}
o ARESHET o] W, AR k= 2] AAE Fol FHE
o2 AT 4= otk o] WAl UubARl A|wskgo] SAF
o) dFsts FA S 28 &AHolg= A E A4E}
(regularization)S 3713t Aolglie & 4~ 9t

0|2 2. IHEHIHAl B2 9|3t PINN
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Fig. 1. Schematic diagram of PINN to solve the forward problem of the 2D acoustic wave equation.
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A71A f= EF 7 B ATE S5k
ASAE o, ol At FDEe S ARl =dE
F A7E omlgtet. 4] (5l vixy= A (DellAl A2 Ut
Aol 4o 2d wj7aeE st o7)A= =
AAle oA glens mEyo ARE £ 2ol
BAEHN(MSE Y& Axtsl7] fisl Bagt ehdl Ame o
TR Sl B2 4 AR, J7|A= FRERHEES A
Loeh e uppd S5, 9%, $AY 54 59 =2 o
NS 2T F A5 2 A ARE DARE 2Este] A
AEH, ol RS AHLer & WY 27|27 8
FEHAITE, PINNoj|A = FAELS ALtstr] sl ARtk
oujol| A FAzACE= §olE AREste Attt 4] (5l
A I urp(xi, 13 uppel0, Xua s 1,€[0, T1] 9] HH
Woll Qiokar #8S 4= AUt Xwe ZEE 9 43 T
< 7% AEHer mdgdt A B4 F 2R on)gt
o} FA £42 oliletE A=A Aol TR AHE

[e]

2 F3sle] Al ol 29 3 715X delol= wARE
ok S olst fARR Bl U U9 (v, S A
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Moseley et al. (2020b)S uFEH}FA 28 PINNoj| 223t uj
AFFez d&3t oo Aol A e sl o
A ZYsHTt. ol23t Moz 84 7ide 9% A
9 9, 27 39 Azt 1oAY Aloks 913t ol
Aol A9 BAZRA AR AN, Yol gt 2
Ahe FAs7] 918l vlwA 22 10 7 9 el 4
TH(fully connected network) 74, 18] Softplus &
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AYEd T2 UEY} HRF o= shad Xy
U=E 3= Aot} T 2yl FA SATS 13}
7FsA17F dHlo|E He $H =3 &8 4% 716t
ARz A GAE F7HI7IE B9 &9 Alvg e
2 g3t FAIH LR ZF 10 AHoflA 20 7R Az S
QFe AAEANS EU%E ARSI ARYY THAE
Hulo|EstaL, 1 o] Azt GAIE EB7h FAEAT =1
S BT ST AL ARG S WAl o2 T o]
23t WAS B Aol 27] s AEE WA
o =N A PINN ¥ Aol £2 27| 242 A5l
Z 7 Utk I 3, ARE DA met eEE X Ute s
A 3 S =Y &+ Atk

HAE 8% AR el & 5 e A AFE
of HAdFdS Fofstr| ol AREHT 2 7l oo 24
oz 74 A% AAY FRol= 7127] 44 (vanishing
gradient) EA|Z WAl W2 $HE 3] ReLU (rectified
linear unit) A7 2 AREEITHGéron, 2022). Fig. 19]
A WA 2, A wso] 29 AR FE()e o
&3 o) Apkict.
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A71A o= iR T TS ittt SEEAS
AR &8 ) AT A x& rof tiste] 2% w2
sto] FES 4= QUoh 2 ER Ao AIRE 9 F3te] o
g 23} mlE&3 AR 4 fiokd seigAls 283 PINN
E-of| A7 2 4= Utk Table 19 Uehd vie} ZHo] RelLU
B3} e 2% mlES AEE © 22 gho] 00] H7] o
2ol Azt F3tell thgt 23} nlEos ¥ s aEA
o] E4 4 RelU o5 FH| ARESh= AL E7FssIt

w2lA] Tanh (hyperbolic tangent)t} Softplus@} Z+-S- EHAd%t

S50 1 igtoz AgE 4 Ytk o] F B 1%

Table 1. Definition of the activation functions and their 1% and 2" derivative.

Name Function Ist derivative 2nd derivative
ReLU 0

Tanh
Softplus

Siren sin(x)

cos(x)

-sin(x)
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Fig. 2. Comparison between (a) four activation functions (ReLU, Tanh, Softplus and Siren), their (b) 1% derivative, and (c) 2™ derivative.

nl&ge] AL = Qlo] 7] £R0A F=2 ARES e,
A ARE ol-&sto] sk HAolA F-EHA] Kok &£
A7} DA olF sidstz] Y8l Jagtap et al. (2019)7=
7)ze] Sgsol stol® Thetule (hyper-parameter}E £
stol PINNS] R4S AT & 9= J AT B
(adaptive activation function)Z A|¢Fs} T}, Sitzmann ef al.
(2020)2 F71/d0] Q= A= E™o) ARL siren BT
£ AL, ol 53] ©dut Akl A, PINN &
oz ez 284 4 ik 74 84 9 weid
4l Rd=Z 913k PINN £ gt A2AS @s| vlast
7] Sl o171A= stolw whetnly =92 AlQstar RAg
Fig 2 oIFE BE B4 WD 1 S 13, 24 =
s 2z YEhd Rolth o] F3 RelU Hrh=
Tanh, Sofiplus, Siren®} 72 stEo| 22} v| 2L E§sH
Atol] Hazhe SISk 7 B4 TSl ARl e
DHE 47 Al B9 AT}

| of|x|

el mdRg e 29 Sl AR TAL A
Moseley et al. (2020b)7} A|QFsE Al W A
(Fig. 3). 152 1024 7] === =33 10 7o) AHAZ
(fully connected layer, FCL)2.2 AT AlAYS =2
aff ARRTE TR ARE AR, 33 XA, ALY
o= Bo] £419 YA A AEA] DA Yus
stglont of7| A= 7haet S el Al 37t AR
Yo sl AL TAITH AL e sfolr se
N &2 Ao w AR} e5E (learning rate) 107

Fig. 3. Structure of the neural network used to solve the wave
equation (modified after Moseley er al. (2020b)).

Z 3}o] ADAM (adaptive moment assessment) &3} 7|H-&
ARESHRL, SEeE £ 8 F 100,000819] EH <A
(training step)Eet TASHHATH ST AAEY Ato]9
7RIS Y k g2 10°02 AAste ¥ HYst
At

£2] dAE E3l] Moseley et al. (2020b)7} A2k AZF
d T8 7] @RS BrkstaL, UM e R Y A}
=29 b A FEE AT SR @7l
gt HIAEE AAEATS &4UFeE sto] ERIgE AaE
ZAJSIR. o]F B8l 27] o] AR £ & wtgH
REA RS ERlskaL, o3t AAEA 0] o= Heof &
FEskeA] oot 4= gt} E3, SEldd 7 HEES v
ko] &A% A WA w2l 23S Eelst
St

H2EE 93 1.5 kmx 1.5 km 37|29 FHoA &£=7}
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Fig. 4. Wavefield prediction from neural network training (a) without coordinate normalization and with normalization that results in coordinate

ranging (b) -0.5 ~ 0.5, and (c) -1 ~ 1.
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Fig. 5. Comparison of loss functions between four activation functions (ReLU, Tanh, Softplus, and Siren).

Fig. 6. Comparison between (a) label data generated with the FDM method and the results of the wavefield prediction at 0.04 s by neural
network training with (b) ReLU, (c) Softplus, (d) Tanh, and (e) Siren activation functions.
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Fig. 7. Comparison between (a) label data generated with the FDM and the results of the wavefield prediction by neural network training (b)
with and (d) without the curriculum-based learning strategy. (c) and (e) show the differences between (a) and (b), and (a) and (d), respectively.
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Fig. 8. (a) Results of the wavefield prediction achieved through neural network training without physics loss and (b) the differences observed

compared to the wavefield generated by the FDM (Fig. 8a).
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